We present the effective theory of fluids at next-to-leading order in derivatives, including an operator that has not been considered until now. The power-counting scheme and its connection with the propagation of phonon and metric fluctuations are emphasized. In a perturbed FLRW geometry the theory presents a set of features that make it very rich for modelling the acceleration of the Universe. These include anisotropic stress, a non-adiabatic speed of sound and modifications to the standard equations of vector and tensor modes. These effects are determined by an energy scale which controls the size of the high derivative terms and ensures that no instabilities appear.
Introduction
One of the major problems of cosmology is understanding the origin of the observed acceleration of the Universe [1, 2] . A cosmological constant is sufficient to fit the current data, but the difficulty to explain its tiny measured value [3] has led to a large amount of alternative models. Although none of these models really solves the cosmological constant problem, it is nevertheless interesting to consider the best motivated among them. This helps to devise strategies to rule out the standard ΛCDM scenario by searching for departures from it using various types of observations such as Type Ia supernovae, baryon acoustic oscillations, weak gravitational lensing and galaxy clusters (see e.g. [4] for details). New satellite (Euclid [5, 6] , WFIRST [7] ) and ground based (DESI, see e.g. [8] , and LSST [9] ) probes specifically designed for this purpose will start operating in the coming years.
A large class of models of the acceleration is based on a scalar field whose time evolution allows to mimic the knowledge we have about the expansion history of the Universe. These models have been steadily increasing in complexity from the first proposals [10, 11] . In particular, much interest has been devoted recently to the study of large subclasses of models of this type with second order equations of motion [12] [13] [14] [15] , in order to avoid potential ghost or gradient instabilities, see e.g. [16] .
Although such models are certainly interesting, it may well be that if anything beyond a cosmological constant drives the acceleration it might not actually be a fundamental scalar. It is not unreasonable to think that many of these models should rather be regarded as a practical effective description of the acceleration. In fact, if the acceleration were the low energy consequence of a yet unknown physical phenomenon occurring at very high energies, say around the Planck scale, the machinery of effective field theories should be used to analyze it. However, many of the scalar field models that have been proposed are not well-defined effective theories, e.g. [12] .
Considering as an example General Relativity, we may assume that the acceleration is due to some sort of substance, dark energy, that fills the universe feeding the right hand side of Einstein's equations G µν = 8πG T µν . On very general grounds, this dark energy may be thought of as a coarsegrained continuum (or fluid) that acts on the curvature of spacetime. If so, it should be possible to characterize its elements, at least partially, using three coordinates that indicate their positions in space at any given time. By promoting these coordinates to spacetime fields, it turns out that this simple picture allows to build a powerful effective field theory framework that we can apply to describe the acceleration of the Universe. This construction is as close to first principles as possible and is entirely determined by the symmetries of the continuum.
Fluids can be described with an effective field theory in which the set of relevant low-energy degrees of freedom contains (but is not necessarily limited to) scalar fields that represent the comoving coordinates of the fluid itself [17] . In this picture, the propagation of gapless sound waves (phonons) in the fluid is given by the dynamics of Goldstone bosons that appear as a consequence of the spontaneous breaking of the internal symmetry that characterizes the properties of the fluid. In a simple case, this symmetry is the invariance under the group VDiff of (internal) diffeomorphisms that preserve the volume. The corresponding effective action at lowest order gives a perfect fluid [17] . In three spatial dimensions there are three Goldstone bosons, that can be separated in two (transverse) divergenceless fields and a (longitudinal) irrotational one. In general, the effective theory is organized as a derivative expansion and if the symmetry is VDiff the leading order is determined by a single operator of the comoving coordinates.
This framework (see [18, 19] for earlier work) is very rich and has been used to describe a wide variety of systems including e.g. non-dissipative fluids, supersymmetric fluids [20] and supersolids [21] , among other possibilities. The minimal VDiff example can be modified by either changing the symmetry or enhancing the field content [17, 22] . For instance, lowering the symmetry requirement from VDiff to internal translations and SO(3) rotations (which corresponds to a solid) modifies qualitatively the dynamics of transverse phonons. Whereas in the VDiff case the transverse modes behave in Minkowski as standing waves, they do propagate once the symmetry is relaxed. Several applications of effective fluids in cosmology already exist. Perturbations of an effective perfect fluid in FLRW at leading order in derivatives were studied in [23] . A model of inflation with novel non-Gaussian signatures based on the symmetry properties of a solid was proposed in [24, 25] . The issue of defining different cosmological species and their interactions in multi-component fluids was dealt with in [26] . The effective theory of fluids is related to the pull-back formalism (see [27] for a review), which has also been applied in cosmology, e.g. in [28, 29] .
Most works on effective fluids have been limited to studying the theory at the lowest order in derivatives, but there are some that have examined the properties of certain operators beyond leading order [22, 30, 31] . Since fluids are described by a derivatively coupled effective theory, they generically have equations of motion with high order derivatives. This is of no concern as far as the theory is applied at energies sufficiently lower than its cut-off. Therefore, there is no need at all of building a finely tuned Lagrangian to avoid the appearance of higher order derivatives in this context. By construction, the operators with high derivatives are suppressed and hence the theory protects itself from developing instabilities. This is in striking contrast to the approach mentioned before and that is so often advocated for popular models of a single scalar field, e.g. [12] .
The main purpose of this paper is presenting the effective field theory of fluids at next-to-leading order in derivatives and showing (with a simple symmetry choice) the rich phenomenology that appears when it is applied for the description of the acceleration of the Universe.
The outline of the paper is the following. In Section 2 we review the effective theory of fluids as a particular example of a broad class of theories for derivatively coupled scalars. In Section 3 we focus on the dynamics of phonons in the effective framework, emphasizing the power-counting scheme, listing the relevant operators at next-to-leading order in derivatives and deriving the equations of motion for transverse and longitudinal modes in Minkowski spacetime. In Section 4 we write the action at second order in derivatives for an effective fluid including gravity and study its properties in a perturbed FLRW universe. The conclusions are presented in Section 5.
Fluid from comoving coordinates
In this section we review the construction of the effective theory of fluids following mainly [17] , where it is shown that it is a particular example of a broader class of derivatively coupled effective field theories. Let {φ I } be a set of indexed real scalar fields of dimension 1 (in units of energy) and write the action [17] 
where we define
and use the notation ✷ = ∇ µ ∇ µ , being ∇ µ the covariant derivative associated to the metric g µν . The action (1) depends explicitly on a constant ǫ ≪ 1 and an energy scale Λ ≪ M P = 1/ √ 8πG, where G is Newton's gravitational constant. Any other (dimensionless) parameters contained inside the dimensionless function F are assumed to be comparable to 1. More generally, F and all its derivatives with respect to its arguments are of order 1. In the action (1) it is assumed that given two operators with the same number of fields the one with less derivatives is more important. Schematically we can write this as ∂ ≪ Λ where ∂ represents any first order spacetime derivative. More explicitly, assuming |∂φ| ∼ |∂φ| q for any real q, we can write
This defines a derivative power-counting scheme for the action (1) . With the previous assumptions, the effective mass matrix is m IJ 2 ∼ ǫ 2 Λ 2 . In the limit of vanishing ǫ, the fields φ become massless and the theory only has derivative couplings. As discussed in [17] , if we add an Einstein-Hilbert piece to (1), the conditions on F constrain the curvature R to be of the order of Λ 4 /M 2 P , because
This means that the spacetime is curved by the fields Φ on distance scales of the size of M P /Λ 2 ≫ 1/Λ. Then, there is a range of momentum scales: max Λ 2 /M P , ǫΛ ≪ k ≪ Λ, where the φ I fields are approximately massless and the spacetime can be described by Minkowski. In this range, it is possible to approximate the φ I at first order by affine functions of the spacetime coordinates and the action (1) collapses at lowest order in derivatives to:
The effective theory of perfect fluids
The (lowest order) effective field theory of (perfect) fluids in Minkowski spacetime is as a subclass of the action (4) . To see this we are going to work with three scalar fields, Φ a , analogous to the fields φ I of the previous section. These three scalars Φ a can be interpreted as the comoving coordinates of the continuous medium (the fluid) that we intend to describe with an effective theory. It is this picture that renders the theory that we are about to present a simple description of continuous media in an effective framework. As we will see, the physical properties of the fluid are characterized by the symmetries imposed on the action for the fields Φ a . So, let us consider three spacetime scalar functions Φ a ∈ R with a ∈ {1, 2, 3} , that allow define, at any fixed time, an isomorphism between the three-dimensional coordinate space of an observer O and a continuum of points F (that can be thought to represent the fluid). These functions Φ a label the points (elements of the continuum) in F, whereas the map Φ −→ x(τ, Φ) gives the position in real space of the fluid element Φ at a given time τ . In other words, x i = x i (τ, Φ) is the trajectory of the element Φ. The inverse map, x −→ Φ(τ, x), returns the fluid element Φ that is sitting at the position x at the time τ . At any time, the spaces O and F are isomorphic and the isomorphism can be chosen such that Φ a (τ, x i ) = x a in a stationary state. The Lagrangian for Φ satisfying that the stationary state
is invariant under a combination of a space translation x → x − c and a internal translation (or shift symmetry)
has to be necessarily an arbitrary function of (2) at the lowest derivative level, precisely as in eq. (4) . Notice that if the Φ fields are interpreted as the comoving coordinates of the fluid, it is convenient to assign to them dimensions of length, in which case the matrix B defined in (2) is dimensionless. We will follow this convention to avoid introducing a dimensionful scale in the definition of the ground state (5) . To simplify further the notation, in the following we will absorb the multiplicative factor Λ of the action (4) into the definition of the function F , which will then have dimension four. The symmetry (6) can be enhanced to the invariance under volume-preserving internal diffeomorphisms VDiff:
in which case the action (4) becomes
where
and F is a real-valued function with dimensions of energy density. As we will later see in more detail, this expression is actually the most general action at lowest order in the derivative expansion of the perturbations of Φ around the background (5). At higher orders, the function F should include other invariants in addition to b. The action (8) can be generalized to arbitrary spacetimes through direct covariantization:
If gravity is described by General Relativity, the gravitational energy-momentum tensor derived from (10) is
where F b = dF/db, and it can be identified with that of a perfect fluid defining the fluid four-velocity:
which is the solution of
This pair of conditions simply say that the fields Φ are self-transported along the fluid flow and thus define a natural notion of four-velocity. The latter can be expressed in terms of the entropy current 1
which is covariantly and identically conserved and is just the Hodge dual of the volume form of the fluid [17] , as it can be seen from (12) . Then, the quantity b defined in eq. (9) can be interpreted as the comoving entropy density of the system:
The choice of the symmetry (7) to constrain the form of the action is by no means unique. Other symmetries lead to different phenomenology for the fluid. For instance, imposing just invariance under (6) and SO(3) rotations of the Φ fields, the action at lowest order in derivatives can be written as an arbitrary function of the traces of the first three powers of the matrix B IJ defined in (2) . This would change e.g. the physics of vortices in the fluid. In this work we will restrict our attention to the symmetry (7), which is sufficient to obtain very interesting effects for models of the acceleration of the Universe, as we will see in Section 4. However, it is important to keep in mind that other choices are possible and worth exploring.
Effective field theory for phonons
In this section we explore further the precise sense in which the perfect fluid action (8) can be interpreted as a lowest order effective field theory. This will tell us which operators have to be taken into account to study the theory at higher orders. As discussed in Section 2, the effective theory of fluids can be constructed as a derivative expansion on the comoving coordinates Φ. An object of the form ∂Φ, i.e. a single derivative acting on one Φ, is considered to be of the lowest possible order in the expansion. Hence, the leading order terms in the action are those with the same number of derivatives as Φ fields. Operators with more than one derivative per field correspond to the next-toleading order and beyond. This is the meaning of the inequality (3). Clearly, any function of b, as in eq. (8), belongs in the leading order and, due to the symmetry VDiff, F (b) is the only structure allowed at that level. The next orders are then obtained from the invariants under VDiff that are constructed with a higher number of derivatives per Φ field. Instead of working with Φ, we can focus on b and u µ since they are invariant under (7) and of leading order (because they are built with just one derivative acting on each Φ). This is the approach used in [31] , where higher order order terms are constructed counting derivatives of b and u µ .
Another possibility [18] consists in building the effective action from the fields π(τ, x), which are defined via
and represent the displacement of the fluid from a stationary state. These π fields are often referred to as phonons, for reasons that will soon be clear. The expression (8) and its covariant generalization (10) are written as actions for Φ, but they can be understood as well as the as effective field theories for the phonons. They encode the lowest order dynamics for π in a derivative expansion around the background (5), given the symmetry (7). The equation (16) is just a (non-derivative) field redefinition and the π fields are derivatively coupled (at the same order as Φ) by construction. Indeed, the phonons π are the Goldstone bosons associated to the spontaneous breaking of the internal translations (6) . The leading order in the phonon derivative expansion (LO) is defined by neglecting all the terms with more derivatives than π fields. At LO each π carries just one derivative. This allows to define a power-counting analogous to (3):
where Λ is some energy scale and ∂ represents a first order (space or time) derivative. In order to go beyond the LO expansion we have to keep pieces in the Φ action that induce higher order derivative π terms. However, it is important to notice that we could construct the effective theory for the phonons directly in the broken phase [18] . At that level, the VDiff symmetry would be hidden but it still determines the relations between the coefficients of the various operators in the action. The π fields can be used to describe small fluctuations around the background (5). This can be applied to describe the propagation of sound waves in continuous media (hence the use of the word phonon), and for cosmological perturbation theory [23, 25, 26] . Then, to guarantee the validity of the expansion in the number of phonons, we assume that
If we work purely at the phonon level, there is some ambiguity regarding which of the two conditions (17) and (18) should have precedence. We will assume that (17) is more stringent than (18) . In practical terms, this means that we must first choose the derivative order and then expand the action in π fields.
To obtain the effective phonon action accounting for VDiff, we can use the set of scalar Φ-operators compatible with (7). At leading order, there is just b, which leads to the action (8) . Then, at any order in π, the LO phonon action is obtained by expanding (8) in the desired number of π fields. To this end, it is useful to write the entropy density and the four-velocity in terms of the phonon expansion around (16) . In Minkowski spacetime, the entropy density is
with the series ending with terms of six phonons. The four-velocity expansion (decomposed in time and space components) is the following:
Neglecting metric perturbations, the generic form of the LO Lagrangian for the phonons in perfect fluids is of the general form n c n (∂π) n where ∂ represents a first order time or spatial derivative and the coefficients c n are combinations of F and its derivatives evaluated on the background. Using (19) on (8), we get the quadratic LO action
where we have chosen to split π into its longitudinal and transverse components:
With the notation F b = dF/db, we can write as follows the energy density and pressure of the fluid
and the speed of sound of longitudinal modes
The equations of motion derived from (21) areπ
The absence of a gradient term for the transverse modes is due to the symmetry (7) and poses a strong coupling problem for the interpretation of the theory at the quantum level [32] .
In order to include metric perturbations from the action (10) we need to extend our powercounting scheme, accounting for the fact that metric and matter perturbations are in general coupled. We will consider metric fluctuations in Section 4.2, where we will study the properties of the theory in a FLRW background.
Fluid at NLO in derivatives
In this section we are interested in constructing the fluid effective action at next-to-leading order in derivatives (NLO). In order to obtain it, we use two basic bricks to build all the Φ-operators compatible with VDiff at NLO. One of these building blocks is b, the square root of the determinant of B IJ as defined in (9); and the other is u µ , given in eq. (12) . Before doing the general analysis, we are going to look at a couple of examples for illustration [22] . A simple possibility with an extra derivative, and in the case of a general metric, is to consider the following piece in the Lagrangian:
This term can be easily shown to give zero [22] . If we definef (b) = −f (b)/b, we can rewrite the integrand as √ −gf (b) J µ ∇ µ b, where J µ is the entropy current (14) . Then, defining h(b) such thatf = dh/db, the integrand becomes √ −gJ µ ∇ µ h, which gives zero after integrating by parts due to the conservation of J µ . Here and in all that follows we assume that two operators differing by a total derivative are equivalent. Nevertheless, we will see that the combination u µ ∇ µ b can appear (squared) in the NLO action.
Another operator beyond the LO that was considered in [22] 
As it was discussed there, in order to include its effect on the dynamics of π, we can replace the function F (b) by another function F (b, y) in the fluid action. The new dependence adds an extra contribution to the phonon action (21) that does not change the propagator for transverse modes. In fact, this operator cannot modify it at any order in the derivative expansion because (19) does not contain a transverse linear or quadratic term. We recall that the comoving coordinates Φ have dimension −1 in units of energy (whereas the usual dimension for scalar fields is 1). This means that the matrix B defined in (2) is dimensionless for these fields and so is b = √ det B, while y = b ✷ b has dimension two. Therefore, as it is always the case in effective theories, this high derivative operator must appear suppressed by some energy scale. Expanding the action d 4 x √ −g F (b, y/Λ 2 ) to quadratic order in π (and working in Minkowski for simplicity), the operator y induces the following phonon term: Let us now proceed with the general construction of the action at NLO. Its form at the level of the comoving coordinates is
where the sum extends over all n inequivalent operators f i built from u µ , b and two derivatives. The h i are dimension-four functions of the entropy density, that must be included because b is a (actually, the only) scalar LO object. As in the previous example with b ✷ b, since the f i have dimension two, we have introduced explicitly an energy scale Λ in such a way that the h i have dimension four, like the function F of (10). For completeness, we also require general covariance of the full action. In order to get the action for the phonons, we simply have to expand (26) in a Taylor series around the background values of f i . If we were solely interested in the phonon action, it would be equivalent to use a Lagrangian √ −gF (b , f 1 , . . . , f m ) as we did before in the example with b ✷ b. Expanding this functionF in π leads to a result that can be put in one-to-one correspondence with the one from the sum of the actions (10) and (26). Among all the possible scalars that can be built with two derivatives only six are inequivalent under integration by parts in (26) . These can be chosen to be:
where ǫ αβµν is the Levi-Civita symbol. Notice that we have pulled out a global √ −g factor in (26) and the operator f 4 only becomes a scalar if multiplied by it. A further simplification is possible using the LO equations of motion in the NLO action (26) , which amounts to performing a field redefinition [33] . In this way, we can merge f 5 and f 6 into a single operator [31] :
where we use the projector on hypersurfaces orthogonal to the four-velocity:
Therefore, the sum in (26) runs from i = 0 to i = 4. These five operators agree with the ones given in [31] , with the exception of f 4 , which was not taken into account there. The power-counting in derivatives of b and u µ applied in [31] agrees with the one that we have used. Whereas in [31] it was taken as an assumption motivated by the hydrodynamical approach (in which the entropy current is the fundamental object considered at the level of the equations of motion [34] ), we have argued that this is the adequate power-counting for the interpretation of the construction as an effective field theory for the phonons. Splitting the entropy current J µ into its modulus b and direction −u µ is useful to highlight the dependence of the action on the entropy density. However, we could have arrived to the same result using J µ alone. Instead of the operators f 0 , . . . , f 4 , we can use
In terms of these, the NLO part of the action is
where the functions k i can be easily related to the h i of (26) . The action (31) is written in terms of J µ , but is still a functional of Φ. It may be useful to write this action using the current J µ as the fundamental field. The constraint ∇ µ J µ = 0 indicates that J µ has three degrees of freedom, the same as Φ. We could introduce a Lagrange multiplier in (31) to enforce this condition. Then, in order to recover Φ from J µ we would have to solve the equation J µ ∂ µ Φ = 0, which comes from eq. (13) . Expanding the NLO action (26) at second order in π (and working in Minkowski) we get the following contribution to the quadratic phonon action:
Comparing the actions (32) and (21), it is evident that Λ is the suppression scale for the high derivative effects on the phonon propagation. We can interpret this scale as the one at which the coarse-grained description (the fluid) needs to be replaced by a more fundamental theory. For energies and momenta sufficiently smaller than Λ, the fluid description of the system is appropriate and the level of accuracy that can be achieved in numerical calculations depends of the number of orders beyond the leading one that are taken into account. We can eliminate the term ǫ ijkπ i ∂ jπ k in (32) using the transverse linear LO equation of motion π T = 0. The argument is the same that we used before to obtain the operator of eq. (28), see [33] . Notice that if we had kept f 5 and f 6 instead of working with f 0 , we would have found in addition aπ 2 term that we could have subsequently eliminated as well, using again the LO (transverse and longitudinal) equations of motion for the phonons.
We can already understand the structure of the action (32) directly at the level of the phonons. If we consider an internal VDiff, see eq. (7), Φ → Ψ(Φ) and express these fields as Φ = x + π and Ψ = x +π. Then, Ψ = Φ + λ where λ =π − π. Taking the determinant of the Jacobian of this transformation and linearising in λ we find that this field must be divergenceless. In addition,Ψ =Φ by construction andφ = 0. Thus, the quadratic action has to be invariant under the transformatioñ
One can now check that this symmetry allows only the terms written in (21) and (32) . We see that eq. (7) prevents the phonon action
If we had only required invariance under the shifts (6) and constant SO(3) rotations of Φ we would have encountered this kind of terms as well. As we have already mentioned, these two symmetries characterize what in [17] was called a solid. The absence of transverse gradients in the quadratic phonon fluid at LO is at the root of the difficulties for making sense of the theory at the quantum level [32, 35] . As we have just seen, the invariance under VDiff implies that there are no transverse purely spatial derivatives at NLO either and thus the transverse equation of motion still allows solutions that simply evolve linearly in time. The linear equations of motion at NLO coming from (21) and (32) can be written as:
where the sound speed c π and the coefficients r i would typically to be of order one or smaller. Deep in the limit ∂ ≪ Λ we recover the LO equations. These equations can be further simplified through another field redefinition, because the time derivatives can be completely eliminated from the NLO action (32) after integrating by parts and using the LO equations, in the same way we argued before that it can be done for the piece with ǫ ijk . After these manipulations, we obtain that (32) can be equivalently written as
where A = r 2 − (r 0 + r 1 )c 2 π . This leads to the final form for the phonon equations of motion at NLÖ
Comparing with eq. (25) we see that the NLO correction leaves unchanged the dynamics of transverse phonons whereas it modifies the dispersion relation for longitudinal modes, with a k 2 /Λ 2 suppression in momentum space characterized by the coefficient A. In other words, the speed of propagation of longitudinal modes becomes scale dependent. Assuming that A is of order 1, the dependency of the speed on the scale is just controlled by Λ. This can be made explicit taking the divergence of eq. (36) and expressing the result in terms of a field s such that
Then, in momentum space we get:s
Covariant action and FLRW cosmology
The dynamics of an effective fluid at LO in a spatially flat FLRW background was studied in [23] .
In this section we are going to focus on some of the consequences of the NLO corrections. In order to apply the effective theory of fluids to cosmology, the first question that we need to address is how to treat gravity. A straightforward possibility consists in regarding the fluid as a matter component obeying standard gravity and hence write
where the f i are defined in (27) and (28) . The LO action studied in [23] corresponds to setting all the h i to zero (or equivalently to the limit Λ → ∞).
In ref. [31] , the curvature scalar R was multiplied by an arbitrary function h(b), but we can show that it is actually possible to choose h(b) = 1 without loss of generality. To see this, consider the integral I = d 4 x √ −g h(b)R, where h is an arbitrary function and the objects carrying a tilde are built with a metric denoted byg µν . Introducing a new metric, g µν , via a conformal transformation ofg µν (x) (see e.g. [36] ): g µν (x) = h[b(x)]g µν (x), the determinants of the two metrics are related by g = h 4g and the Ricci scalars byR = h(R + 3✷ ln h − 3(∇ µ ln h) 2 /2). Then, defining a function l such that
, and so the term that depends on b can be absorbed in a redefinition of the function h 2 that multiplies the operator f 2 . One could be concerned that once a certaing µν has been chosen, say FLRW, the new metric g µν would in general appear to be of a different kind, raising the question of whether the action with h(b) = 1 really describes the same physics as the starting one. However, we can always find a diffeomorphism x → x ′ (x) such thatg µν (x) = g ′ µν (x ′ ), which makes complete the equivalence between the two formulations. An advantage of the Einstein frame action (39) is that it allows a straightforward definition of a gravitational energy-momentum tensor for the fluid: T µν = −2/ √ −g δS m /δg µν , where S m is the "matter" part of the action (i.e. the expression (39) minus the Einstein-Hilbert term). Naively, if the only role of the metric were defining the background geometry in which the fluid (and its perturbations) evolve, the action (39) would represent the simplest choice to study the effects of the NLO corrections of the fluid in cosmology. However, the metric perturbations couple to the phonons in general (see [23, 25, 26] ) and the gauge freedom implies that both types of perturbations should be treated within a unified and consistent power counting scheme. A possible simplifying assumption to deal with this problem is to consider that δg µν and ∂π, where ∂ represents any (space or time) first derivative, should be treated on an equal footing on the derivative counting. Therefore, since at NLO (and e.g. at quadratic order in the phonons) the action (39) generates objects such as (∂ i π i )∂ 2 (∂ i π i ), we should also consider all the possible operators that generate terms with up to one derivative per metric perturbation. This means that we have to include in (39) all the operators with up to two derivatives of the metric. Since the Riemann tensor contains already two derivatives exactly, there are just two such terms [31] . One of them is the scalar curvature R, which we already take into account in the Einstein-Hilbert piece of the action (39) . The other one is R µν u µ u ν , which is redundant because it can be expressed in terms of the f i operators after integration by parts [31] . The action (39) is the simplest one that allows to study the NLO effects from the fluid once gravity is taken into account. If we wanted to go to higher orders in derivatives we would have to consider higher order contractions of Riemann tensors and four-velocities. 2 
Background evolution
We will denote the FLRW scale factor by a(τ ) and the conformal Hubble parameter by H =ȧ/a, whereȧ = da/dτ . The background evolution derived from (39) is governed by the equation
where m 2 is a function of b = a −3 with units of mass squared (that can be of either sign):
The eq. (40) is just the Friedmann equation for the energy density
In the limit of very large Λ, we recover the background energy density of the LO fluid, which is ρ = −F . It could then be tempting to interpret eq. (40) as the background evolution of the LO fluid in a modification of gravity given by a varying Planck mass:
From eqs. (39), (40) and (41) it is natural to expect that m 2 ∼ h i /M 2 P ∼ F/M 2 P ∼ H 2 , which means that the NLO corrections to the Planck mass are of O H 2 /Λ 2 . This is basically a consequence of assuming that the free functions of b that appear in the action (39) are all of the same order. The ratio H 2 /Λ 2 will also appear later as the parameter that controls the size of the corrections to the equations of the perturbations.
The equation of state of the effective fluid at LO is w = −1 + bF b /F (see e.g. [23] ) and the choice F ∝ b corresponds to cold dark matter (w = 0). We can then easily estimate the size of m 2 that would be required to obtain late time acceleration (in agreement with the data) from the NLO correction. If we define LO and NLO density parameters as Ω LO = −F/(3M 2 P H 2 ) and Ω NLO = −m 2 /(a 2 Λ 2 ), the condition that today Ω NLO ∼ Ω LO ∼ 1/2 gives m 2 /Λ 2 ∼ 1, which implies an order 1 correction to the Planck mass (see eq. (43)). If we assume that h i ∼ F (which is the normal expectation given the action (39)) and m ∼ Λ, then Λ has to be of the order of H, which would be in conflict with the natural regime of validity of the effective theory. Therefore, even if interpreting only the NLO corrections as a modification of gravity can be appealing, it would seem to be unnatural to use these corrections alone to describe self-acceleration at late times. This result is consistent with our choice of power-counting scheme for the metric perturbations and with our previous estimates in Section 2. Given that R ∼ Λ 4 /M 2 P ≪ Λ 2 for Λ ≪ M P and, in addition, H 2 ∼ R ; if as we argued before m 2 ∼ H 2 , then m 2 ∼ Λ 2 would only be possible if Λ ∼ M P which would contradict our initial assumption that Λ ≪ M P and imply that higher powers of the curvature R should not be neglected.
There exists no impediment however in applying the whole LO+NLO action (39) to build models of dark energy. As we will see in the next section, this approach leads to interesting phenomenology for cosmological perturbations, with concrete predictions that make the theory distinguishable in principle from a cosmological constant and other types of models of the acceleration.
The equation of state (p = wρ) at NLO order can be expressed as
which reduces to the LO expression for Λ → ∞. Since m 2 /Λ 2 is small compared to 1, in order to obtain w ∼ −1 the function F should be chosen such that d ln F/d ln a ≪ 1, which is equivalent to the condition b F b ≪ F . We can write the pressure using the time derivative of eq. (40), which leads to
and shows that the two Friedmann equations, (42) and (45), are not independent. As usual, it follows from them thatρ
and therefore the equation of state and the adiabatic sound speeḋ
are related byẇ
Cosmological perturbations
In this section we focus on linear perturbations at NLO in a flat FLRW Universe in Poisson gauge. We use the notation of reference [23] and write the perturbations of the metric as follows:
, where ∂ k ν k = ∂ k χ kj = 0 and χ jj = 0. As we have just seen, the NLO modification of the background evolution is given by a single combination, m 2 , of the functions h i . The corrections to the energy density and pressure perturbations of the fluid, δρ, and δp are determined by m 2 and another function γ, see the Appendix and eq. (53). Other combinations of the h i appear in the full description of linear perturbations. The propagation of gravitational waves and the (scalar) anisotropic stress (which is zero at LO) are affected by the same function, that we will denote by α. The vector perturbations of the metric, which couple only to transverse phonons, are characterized by α and three different combinations of the h i functions: β, γ and ξ. These are the only modes affected by the operator √ −gf 4 . We will now study each type of perturbation in turn.
Gravitational waves
The propagation of tensor modes at NLO is given by the quadratic action
where the time dependent function
determines the speed of propagation of the gravitational waves. The action (49) has the same form as the one that appears in the effective field theory of inflation [38, 39] from a quadratic term in the perturbation of the extrinsic curvature of spatial slices (see e.g. [40] ). Since tensor modes are gauge invariant, the action (49) is the same for any other choice of gauge. In standard gravity, the speed of propagation of tensor modes is equal to the speed of light and the presence of an effective fluid at LO does not change this result [23] . However, the NLO fluid operators induce a correction to the quadratic action of order ∼ H 2 /Λ 2 . The propagation equation resulting from (49) isχ
The (time-varying) speed of propagation of gravitational waves can then be defined as
For Λ ≫ H we recover the standard result c χ = 1. In order to get an estimate of the modification to the Hubble friction term in (51) it is reasonable to assume that dh i /db ∼ dF/db, which implies d ln α/d ln a ∼ 1. Models of a single derivatively scalar with second order equations of motion can also modify the friction coefficient and the speed of propagation of gravitational waves. A broad class of them was constructed in [12] . Contrary to the case of the effective fluid that we present here, in that class of models it is not possible to estimate of the size α and its derivatives from the structure of the theory itself. The idea of measuring c χ and the friction excess d ln α/d ln a (at early times, but after inflation) using the B-mode polarization of the CMB has been recently explored in [41] [42] [43] . In general, a modified dispersion relation for gravitational waves may be used a signature for deviations from ΛCDM.
Transverse phonons and vector modes
In ref. [23] it was shown that the conservation of vorticity (which is due to the invariance under VDiff) determines the dynamics of transverse modes and vector metric perturbations at leading order in derivatives. When the NLO contributions are taken into account, their evolution is modified by terms of order H 2 /Λ 2 that are controlled by α of eq. (50) and three more functions of time:
The conservation equation that gives the time evolution of transverse phonons is:
and we have defined the combinationφ
which is related to the three-momentum of the fluid in the LO approximation [23] . The interpretation of (54) as a consequence of the conservation of vorticity was discussed in [23] in the LO case and FLRW. For the construction of the vorticity charges in Minkowski at LO see [17] . The Einstein equation for the vector perturbations of the metric is
The usual equations for a generic phenomenological fluid in General Relativity in FLRW are recovered from (54) and (57) in the limit ξ = 0 and α = β = γ = 1 , which corresponds to the LO action of the effective fluid. In standard gravity, vector perturbations decay in an expanding universe. This is the reason why they are often neglected e.g. in studies of inflation. We see that the effective field theory of fluids at NLO features deviations from the usual behaviour of order H 2 /Λ 2 . This does not generally occur in models of a single scalar coupled to gravity.
Longitudinal phonons and scalar modes
A phenomenological "sound speed" that relates pressure and density perturbations
is often introduced in cosmology. Defined in this way, c 2 s plays for the perturbations a similar role to that of the equation of state (w = p/ρ) for the background. If c 2 s = c 2 A , where c 2 A =ṗ/ρ, the fluid is said to be adiabatic. This is the case e.g. for standard quintessence with a canonical kinetic term and a potential.
At leading order in derivatives, the speed of propagation of longitudinal modes in an effective fluid in FLRW is time dependent and can be computed using the expression (24), which is the same as in Minkowski [23] . It was also shown in [23] that (24) is equal to the adiabatic speed of sound c 2 A and to c 2 s at LO, which makes the fluid adiabatic at that order. However, we found at the end of Section 3.1 that in Minkowski space the NLO corrections induce a scale dependence in the speed of longitudinal modes c 2 π of order k 2 /Λ 2 , see eq. (36) . In FLRW this translates into the breaking of the relation c 2 s = c 2 A , with corrections suppressed by H 2 /Λ 2 . The equations (73) and (74) of the Appendix are the NLO expressions for δρ and δp at linear order in perturbations, showing explicitly these corrections. Their sizes are controlled by the function m 2 that enters in the background evolution and by the function γ, see (53), that comes from the operator f 2 = ∇ µ b∇ µ b defined in (27) .
The other important feature that appears at NLO is an anisotropic stress component σ:
At leading order in derivatives in the fluid effective action (39) (i.e. keeping only the F (b) piece) we find that ∂ 2 σ = 0 [23] . The NLO contributions to σ is
This equation can be interpreted as an equation of state for the anisotropic stress σ in terms of the velocity divergence θ = −∂ iπ i and its first time derivative, see also eqs. (64) and (72) of the Appendix. The anisotropic stress depends on α, introduced in eq. (50), which is the same function of time that modifies the propagation of gravitational waves at NLO. A similar connection between the anisotropic stress and the speed of propagation of gravitational waves in single-scalar models was exploited in [41] to study the effects of modified gravity on CMB B-modes.
The possible presence of anisotropic stress at late times in the history of the Universe has often been regarded in the literature as a "smoking gun" for the detection of deviations from ΛCDM (and in turn as a signature of modified gravity/dark energy). The anisotropic stress affects the relation between the metric potentials, eq. (71), and physical phenomena such as e.g. weak gravitational lensing of the CMB. As discussed in Section 4.1, an attractive picture in the case of effective fluids is to consider the NLO corrections as a mild modification of gravity (controlled by the scale Λ) in which the LO fluid evolves. A more powerful application consists in using the entire LO+NLO+ · · · action to construct models of modified gravity/dark energy (characterized by the functions F , h i , ...) in which the components of the universe (e.g. dark matter) propagate. In both cases the anisotropic stress is naturally small since it is determined by corrections of the size of H 2 /Λ 2 . This makes the effective theory of fluids an interesting playground for models of the acceleration with dynamics close to ΛCDM and yet different from it, with potentially observable consequences.
Conclusions
We know very little about the actual nature of dark energy and the current data are fully compatible with the acceleration of the Universe being due to a small cosmological constant (see e.g. [44] ). In order to search for alternatives beyond the standard ΛCDM model, we should aim for general, wellmotivated and consistent ways of describing the acceleration that allow to draw concrete testable predictions. For several years we have entertained the possibility that the acceleration could be due to a modification of Einstein's gravity at very large distances or to an exotic component of the Universe with negative pressure. The divide between these two interpretations is blurry, but it is clear that both of them require extra degrees of freedom. A powerful approach in this context can be built from the idea that, below some energy scale, these new degrees of freedom form a fluid whose properties are determined by internal symmetries. The framework of effective field theories is the natural playground for implementing this picture.
In this paper we have explored the effective theory of fluids at next-to-leading order in derivatives and we have applied it in a cosmological context, showing that it leads to very interesting phenomenology for describing the acceleration of the Universe, comparable to that of popular singlefield scalar models. The signatures of the theory at NLO include anisotropic stress, a non-adiabatic speed of sound of scalar modes, modifications to the dynamics of vortices (vector modes) and also to the propagation of gravitational waves. This richness and the fact that the size of these effects is controlled by a high-energy physics scale make the theory particularly attractive for modelling the acceleration beyond a cosmological constant. In addition, the effective framework guarantees that high order derivative corrections are kept under control without having to resort to any ad-hoc fine tuning between different operators.
Bearing in mind the assumptions that we have made, in particular about the symmetries and the field content of the fluid, a detection of a ΛCDM deviation of the kinds predicted by the theory (e.g. anisotropic stress) can be used to estimate within this framework the high energy physics scale responsible for the NLO corrections. 3 We have restricted our analysis to the rather minimal situation of a fluid with invariance under volume preserving diffeomorphisms. In this case, there are just three new degrees of freedom, which appear naturally, each corresponding to one space dimension. For perturbations in a FLRW Universe, this implies that there are two (transverse) fields that couple to metric vector modes and one (longitudinal) that interacts with scalar fluctuations. In total, six operators of the entropy current J µ of eq. (14), see eqs. (39) , (27) and (28) , are added to the Einstein-Hilbert action up to NLO in derivatives.
At the level of the background evolution, the intrinsic NLO terms modify the Friedmann equations by a single combination m 2 of the functions of the entropy density b = u µ J µ multiplying these operators. Four more independent functions: α, β, γ and ξ, appear from these operators at the level of linear cosmological perturbations. All of these functions intervene on the dynamics of vector modes, whereas the function α is the only one responsible for the anisotropic stress and the modification to the propagation of gravitational waves. The same combination, m 2 , that enters in the background expansion appears also in the energy density and pressure perturbations. The latter is also affected by one of the functions, γ, that determines the dynamics of vector modes. As we have emphasized, the size of the NLO corrections is controlled by a high energy scale, which determines the regime of validity of the theory. This ensures that the terms with high order derivatives in the equations of motion do not develop instabilities within that regime.
Other symmetry choices should also be explored and novel effects can be expected to occur. For example, extending these NLO results to solids (invariant under internal translations and SO(3) rotations) will lead to different properties for transverse modes. This may also have interesting implications for models of inflation such as solid inflation [24, 25] . In this respect, a systematic analysis using the CCWZ approach [45] , as it has already been applied at LO [46] , is worth considering. Extending the theory presented here to include extra conserved charges or even supersymmetry are other directions for the future. Finally, the study the NLO corrections in Minkowski might also be useful for understanding the quantum nature of effective fluids [32, 35] .
is equal to the spatial part of the four-velocity in Minkowski (20) . Choosing U µ = u µ , the spatial part of the projection (62) is
whereφ i =π i − ν i is the analogous of the field (56) (but now including the longitudinal part) and
can be identified with the time shift that allows to define adiabatic modes at LO [23] . The expression (65) only vanishes in general for the LO fluid, but not at NLO. This needs to be taken into account to make contact with the usual equations of scalar perturbations, see e.g. [48, 49] . The difference with the usual case (where q µ = 0) is that the divergence of the 0-i Einstein eq. (69) contains a term that depends on Ξ, which is the divergence of the spatial part of the energy flux:
This piece can be absorbed in a redefinition of the velocity divergence by changing to a frame U µ with q µ (U ) = 0. At linear order in perturbations, a change of frame does not affect the energy density, the pressure and the anisotropic stress; see e.g. [50] , and therefore the other three Einstein equations for scalar perturbations are unaffected. The four of them at NLO are:
φ + H(ψ + 2φ) + H 2 + 2Ḣ ψ + ∂ 2 3 (ψ − φ) = 4πGa 2 δp (70)
is the linear part of the divergence of the spatial velocity (64) . The anisotropic stress ∂ 2 σ was given in eq. (60) and the linear perturbations of the energy density and the pressure are 
Taking the limit Λ → ∞ we obtain the LO relation δp = c 2 A δρ, see the discussion in Section 4.2.3. Defining θ R = θ − Ξ and differentiating (69) with respect to time we can write the usual Euler equation for the evolution of the velocity divergence in the rest frame:
This is nothing but the equation that describes the evolution of longitudinal phonons written in a compact way. At NLO this equation contains high derivative terms like ∂ 2 ∂ iπ i , but this does not introduce any instability problem since these terms are all suppressed by Λ −2 .
Although we have worked in Poisson gauge for simplicity, it is straightforward to connect the results with gauge-invariant variables. As it is well-known, a gauge transformation can be seen as a change of coordinates in the perturbed (physical) spacetime, keeping fixed the coordinates of the background (fictitious) spacetime [48] . A general gauge transformation can then be written as
where the spatial part can be decomposed as L i = ∂ i L + l i with ∂ i l i = 0. By definition, tensor perturbations χ ij are traceless and divergenceless and therefore they are invariant under gauge transformations.
The most general vector perturbation of the metric is given by δg 0i = a 2 ν i and δg ij = 2a 2 ∂ (i h j) . Under a gauge transformationν i = ν i −l i andh i = h i − l i . This implies that B i = ν i −ḣ i is gauge invariant. In Poisson gauge h i = 0 and therefore B i = ν i in this gauge.
Since the fields Φ i are scalars, they satisfyΦ i (τ,x) = Φ i (τ, x). Expanding this equation in phonons we havex i +π i (τ,x) = x i + π i (τ, x) and using (76) we get thatπ i = π i − L i at linear order, in agreement with the linear transformation rule for the spatial velocity v i of eq. (64). Therefore, the combinationφ i =π i T − ν i is gauge invariant. In Poisson gauge this corresponds to the field that we defined in equation (56).
The longitudinal phonons transform according toπ i L = π i L − ∂ i L and so∂ iπ i = ∂ i π i − ∂ 2 L. If we write δg ij = 2a 2 ∂ i ∂ j E, we obtain that E transforms according toẼ = E − L and therefore Υ = ∂ i π i − ∂ 2 E is gauge invariant. In Poisson gauge E = 0 and ∂ i π i is proportional at LO to the comoving curvature perturbation on uniform density hypersurfaces [23] . Besides, the gauge invariant Bardeen potentials Φ and Ψ [48] reduce to the metric perturbations φ and ψ in Poisson gauge.
